Automated Fiber Placement (AFP) is an advanced technology used to manufacture laminated composites with curvilinear fiber paths. During the manufacturing, AFP generally leads to the formation of defects, e.g. gaps and overlaps, that impact the laminate properties, to an extent that largely depends on the geometry, such as thickness and curvature, of the part. This paper focuses on moderately-thick laminate plates that present gaps and overlaps induced by AFP. We use higher-order shear deformation theories to study the role of shear deformation on the plate responses. A hybrid Fourier-Galerkin method is used to obtain a semi-analytic solution describing the static deformation of the plate. Eigenvalue analysis is also conducted to determine its fundamental frequency and critical buckling load. The numeric results show that shear deformation has a more severe impact on the structural responses of a variable stiffness than a constant stiffness plate. We find also that gaps deteriorate the structural performance, while overlaps improve it. Maps representing structural responses, in particular buckling vs. deflection and frequency vs. deflection, are generated to gain insight into the design of a variable stiffness laminate plate with defects.
Introduction
Laminated composite structures have drawn special attention from a variety of sectors including aerospace, automotive, naval, and construction. Composite laminates are generally built by stacking layers of dissimilar fiber orientation [1, 2] . To achieve high strength-to-weight ratio, high stiffness-to-weight ratio, fatigue strength, and resistance to corrosion, composite laminates are designed with either constant or variable stiffness. In a constantstiffness design, a laminate has layers of straight fibers that have the highest stiffness and strength when loaded along the fiber direction, whereas these properties are very low in the transverse direction. In a variable stiffness laminate, the fiber direction can be tailored to follow curvilinear fiber paths that best improve structural performance, such as buckling load [3] [4] [5] [6] , natural frequencies [7] [8] [9] , and flexural stiffness [10] . Variable stiffness plates have also been demonstrated capable to offer trade-off properties that can concurrently optimize opposing requirements, such as buckling load and in-plane stiffness [4, [11] [12] [13] .
Several approaches exist in literature for the analysis of a laminated composite. Among them, equivalent single-layer (ESL) [14] [15] [16] , three-dimensional (3D) elasticity [17] [18] [19] , and multiple model methods [2] have been successfully used, each with a certain level of complexity. In this paper, we use ESL theory to reduce the computational effort required for the analysis of a variablestiffness composite. With ESL, an equivalent two-dimensional (2D) layer is assumed to replace a heterogeneous 3D structure. The simplest ESL theory is the classical laminated plate theory (CLPT), whereby the lines that before deformation are straight and normal to the midplane of the laminate are assumed to keep these characteristics even after deformation. An outcome of this hypothesis is the neglect of the deformation caused by transverse shear (r xz ,r yz ) and transverse normal (r zz ) stresses. For moderately-thick composite laminates, such an assumption does not capture the real deformation of the composite laminate, thereby justifying the proposition of alternative shear deformation theories. For example, first-order shear deformation theory (FSDT) and third-order shear deformation theory (TSDT) have been introduced to account for deformation caused by transverse shear stresses [1, 2, [20] [21] [22] [23] . FSDT assumes a constant shear strain through the thickness of a laminate and introduces a shear correction coefficient to compute transverse shear forces. TSDT, on the other hand, http://dx.doi.org/10.1016/j.compstruct.2014.07.027 0263-8223/Ó 2014 Elsevier Ltd. All rights reserved. uses a quadratic function to describe transverse shear stresses through the thickness, with vanishing values at the top and bottom surfaces of the laminate. As opposed to FSDT, TSDT avoids the need to introduce a shear correction factor [2] .
FSDT and TSDT have been extensively used to model the structural mechanics of constant stiffness laminates as well as functionally graded (FG) beams and plates [24] [25] [26] [27] . ESL and 3D elasticity theories were successfully applied to examine the buckling and postbuckling responses of laminated composites [17, [28] [29] [30] [31] [32] [33] . Other studies focused on the transient responses and resonance frequencies of free and forced vibration of laminated composites with constant stiffness [34] [35] [36] [37] [38] . FSDT and TSDT have been also used to study the static, as well as free and forced vibration, responses of heterogeneous plates and doubly curved panels [39] [40] [41] [42] . Recently, a microstructure-dependent theory has been proposed for the static and dynamic analysis of FG beams and plates [43] [44] [45] .
While there is a considerable amount of research that examines transverse shear deformation in constant stiffness composites, only a few studies look at variable stiffness laminates. One of these is that of Groh et al. [46] , who studied via FSDT the impact of transverse shear deformation onto the flexural behavior of composite laminates with curvilinear fibers. It was shown that for a laminate with a length-to-thickness ratio of 10:1, an error of 43% may appear in the predicted transverse deflection if transverse shear stresses are neglected. Akhavan et al. [7, 10] used the finite element method and TSDT to study the natural frequency and large deflection of a variable stiffness laminate. It was found that a variable stiffness design can remarkably reduce the deflection of a plate compared to a constant stiffness design and might yield improvement in the natural frequency.
Only until recently, the impact of defects within variable stiffness laminates was overlooked in literature. In practice, however, the formation of defects, mainly gaps and/or overlaps, is inevitable during the manufacturing of a variable stiffness laminate by Automated Fiber Placement (AFP). A method, namely ''Defect layer'', has been introduced [11, 13] to appraise the effect of gaps and overlaps on the critical buckling load and in-plane stiffness of a thin laminate. It has been shown that gaps and overlaps can significantly change the buckling load and in-plane stiffness. In a study by Li et al. [47] , it is suggested that gap areas can be filled with fibers from the layers above the gap, and those fibers dip down into gap areas. While this may be true in some cases, in this paper we assume that gap areas are relatively small; as such, the fibers bridge over the gaps rather than the dipping down. The outcome is that (1) gap regions are less stiff than those filled with composite fibers, (2) overlaps tend to generate stiffener-like features, which carry higher loads. With the recent use of AFP to build thick composite laminates for manned submersible applications [48] , and moderately-thick composite laminates in megawatt-scale wind turbine blades [49] , we turn our attention in this paper to thick and moderately-thick laminates with variable stiffness, with the goal of assessing the effect of gaps and overlaps on their structural performance. In particular, we use CLPT, FSDT, and TSDT theories to examine the global impact of transverse shear deformation on the structural responses of a variable stiffness plate with embedded defects. To account for the local effects induced by shear deformation, the reader is referred to [50] [51] [52] [53] paper is organized as follows. In Section 2, we introduce geometric parameters that are used to model a curvilinear fiber path. Section 3 reviews the governing equations for structural analysis of variable stiffness plates using ESL theories. Next, a semi-analytic methodology using the hybrid Fourier-Galerkin method is developed to solve the governing differential equations. Finally, a discussion on the impact of shear stresses as well as defects induced by AFP on the structural behavior is presented before the closing remarks.
Variable stiffness laminate
A laminated plate manufactured with curvilinear fiber paths can be modeled by defining a reference fiber path along which the AFP machine places the first course. The subsequent fiber paths can be obtained by shifting the reference fiber path perpendicular to the steering direction. As a reference fiber path, we consider here one with constant curvature [54] . For this, the fiber orientation can be written as:
where h is the fiber orientation along the fiber path, T 0 and T 1 are respectively the fiber orientation at the plate midpoint and edges, R is the turning radius along the path, and a represents the plate width. The fiber orientation varies between T 0 (at the plate midpoint, x = 0) and T 1 (at the plate edges, x ¼ AE a 2 ), where the radius of the path remains constant ( Fig. 1(a) ). Since the fiber orientation changes along the x-direction, the reference fiber path should be shifted along the y-direction. A variable stiffness design is represented by [hT 0 jT 1 i], where T 0 = T 1 represents the case of straight fiber.
During the AFP process, the course width can be changed only by a discrete value, via either adding or dropping tows. As a result, defects in the form of gaps and overlaps emerge within the laminate. There are several strategies to add or drop a tow, such as complete gap and complete overlap strategies. With the former, a tow is cut as soon as one edge of the tow reaches a course boundary creating small triangular areas without fibers, i.e., gaps ( Fig. 1(b) ). With the latter, a tow is cut when both edges of the tow cross a course boundary, creating thickness buildup, i.e., overlaps ( Fig. 1(c) ) [55] .
To obtain the effective stiffness matrices of a variable stiffness laminate with embedded defects, we use here the defect layer method, recently introduced in [11, 13] . According to this method, a defect layer is similar to a regular composite layer with modified material properties, or thickness proportional to the defect area percentage. Compared to a regular composite layer, a gap-modified defect layer has the same thickness and reduced elastic properties, whereas an overlap-modified defect layer is thicker than a regular composite layer and has its elastic properties. For more details about the definition of a defect-layer, interested readers may refer to [13] . e xx e yy c xy and where the comma represents the partial differentiation operator, and c 2 = 3c 1 . The strain-displacement equations given in Eqs. (4) and (5) have been written for TSDT; however, these equations could also be used for FSDT by setting c 1 = c 2 = 0. Moreover, substituting / x = Àw 0,x and / y = Àw 0,y into Eqs. (4) and (5) eliminates transverse shear strains and leads to the CLPT formulation.
The equations of motion for ESL theories, including classical and shear deformation theories, are derived by using the principle of virtual displacement; one can refer to [2] for further details. The equations of motion using the CLPT are written as [2, 23] :
while the FSDT/TSDT equations of motion are expressed as [20, 22] :
where
where q(x,y) is the distributed transverse load at the bottom/top surface of the plate and a and b take the symbols x and y, r ab is the second Piola-Kirchhoff stress components, c f is the shear correction factor, q is the mass density, and the superposed dot on a variable denotes the time derivation. It is worth noting that the determination of the shear correction factor (c f ) for FSDT is cumbersome since it depends on lamination properties, stacking sequence, geometric parameters, loading, and boundary conditions. Therefore in this work, we consider three values commonly used in literature, c f = 1, c f = 5/6, and c f = 3/4 or homogeneous isotropic structures a correction factor of c f = p 2 /12, which is very close to c f = 5/6, has been suggested in the literature [56] [57] [58] . To conduct a bifurcation buckling analysis, the nonlinear in-plane force resultantNðw 0 Þ is written as [2, 22] :
The stress resultants N, M, P, Q, and R are related to strains as [2, 22] : 
where the stiffness matrices are defined as:
where Q ij is the transformed plane stress-reduced stiffness. The governing equations of CLPT and TSDT, which are not given for the sake of brevity, are derived by substituting Eqs. (4), (5), and (10) into Eqs. (6) and (7), respectively. Herein, the nonlinear terms for static and free vibration analyses are omitted; only the nonlinear in-plane force resultantNðw 0 Þ is retained for buckling analysis. The governing partial differential equations are written for a specially orthotropic (D 16 = D 26 = F 16 = F 26 = H 16 = H 26 = 0) laminated composite with a balanced (A 16 = A 26 = 0) symmetric (B ij = E ij = 0) layup. We note that in contrast to constant stiffness composites, the elements of the stiffness matrices are a function of the spatial coordinates (x, y). In other words, the derivatives of these matrices with respect to x and y coordinates are not zero. As a result, the governing equations of motion for CLPT, FSDT, and TSDT are dissimilar from the conventional governing equations given for a constant stiffness composite.
Methodology
In this paper, we consider the following simply-supported boundary conditions: , U mn , V mn , W mn , X mn , and Y mn are unknown coefficients that should be determined to satisfy the governing equations, with m and n as arbitrary integers for summation. Using the Galerkin method and the approximate displacement field (Eq. (13) (14)), for laminates with symmetric layups (B ij = E ij = 0) and prescribed transverse shear modulus (G xz = G yz ) in each lamina, leads to an expanded formulation (see Appendix A), which results in a (5 Â m x Â n y ) Â (5 Â m x Â n y ) system of differential equations, here expressed as: [2, 22] . IfNðw 0 Þ is present, however, a bifurcation analysis is necessary to obtain the critical buckling load [2] . For CLPT analysis, the equations in Appendix A result in a (3 Â m x Â n y ) Â (3 Â m x Â n y ) system of differential equations:
where fD CLPT g T ¼ U 11 V 11 W 11 Á Á Á U mx ny V nxny W mx ny È É . The equations above are numerically solved via MATLAB scripts developed for variable stiffness composite laminates with embedded defects.
Results and discussion
To validate the methodology presented in Section 4, we first compare the results available in literature for static bending, buckling, and natural vibration of plates with constant stiffness laminated composites. Then, we examine variable stiffness plates. In particular, we focus on the impact of shear stresses and manufacturing defects on their maximum static deflection, critical buckling load, and fundamental frequency.
Validation
As a case study, we consider a simply-supported plate with constant stiffness, symmetric cross-ply [0/90] s and planar square (a = b = 1 m) geometry. Its material properties are E 1 = 175 GPa, E 2 = 7 GPa, G 12 = G 13 = 3.5 GPa, G 23 = 1.4 GPa, and m 12 = 0.25. Table 1 shows the results of the dimensionless midpoint deflection w ¼ w 0
of the plate subjected to a distributed transverse load (q = q 0 sin (r m x) sin(r n y)), obtained with FSDT, TSDT, and 3D elasticity. The results shows that all the predictions are very close to those provided in [2] . For a plate with the length-to-thickness ratio of a/h = 4, the FSDT and TSDT show a discrepancy of 12.5% and 3%, respectively, compared to the solution obtained with 3D elasticity. Tables 1 and 2 indicate that the difference between the results predicted by FSDT and TSDT is much more evident in the maximum deflection than in the critical buckling load and natural frequency.
Structural responses of variable stiffness laminates
In this section, we use CLPT, FSDT, and TSDT to study the influence of manufacturing defects on the structural responses of Table 3 . It is worth mentioning that the effective material properties of variable stiffness laminates, obtained with the defect layer method, spatially change throughout the laminate as a function of the fiber orientation (Eq.
(1), which depends on the turning radius along the path, the plate width, and the embedded defects. The structural responses of the plate, including static deflection, uniaxial critical buckling load, and fundamental frequency, are compared with those of a quasiisotropic (QI) plate, here selected as a baseline. The QI plate considered in this study has the following layup: [45/0/À45/90] 2s . The plate is subjected to a uniform transverse loading, q(x,y,t) = q 0 (t), for static analysis.
Static analysis
The maximum out-of-plane deflection occurs at the plate midpoint, as shown in Table 4 for a set of length-to-thickness ratios (a/ h). For a very thin plate (a/h = 200), all ESL theories predict very close maximum deflection. However for the length-to-thickness ratio a/h = 20, discrepancies up to 7% emerge from CLPT and TSDT results. For a very thick laminate with a/h = 5, differences are greater than 55%. Furthermore, the discrepancy between ESL theories depends on the embedded manufacturing defects. For instance, for a plate with a/h = 10, incorporating the effect of overlap increases the deviation by about 3% compared to the defect-free case, whereas considering the effect of gap decreases the discrepancy by 2%. These trends can be attributed to the emergence of overlaps, which are thickness build-ups that decrease the overall length-to-thickness ratio of the plate in comparison with the defect-free case. On the other hand, a variable stiffness plate with gaps has effective elastic properties lower than a defect-free plate with higher length-to-thickness ratio. Fig. 3 shows the out-of-plane mid-span deflection (y = b/2) for a plate with a/h = 10 for the cases: defect-free, complete gap, and complete overlap. The trends reveal the importance of accounting for the manufacturing defects in the analysis of variable stiffness laminates. Compared to the defect-free case, the out-of-plane deflection of a plate changed with respect to the type of defects considered. For instance, for a plate with gaps, the maximum out-of-plane deflection increases by 9% compared to the defectfree case, whereas a decrease of 24% is observed for a plate with overlaps. The reason for this difference is attributed to the morphology of a defect. Gaps are resin-rich areas that lower the plate out-of-plane stiffness, whereas overlaps along the fiber paths are thickness build-ups that increase it. Table 5 reports the critical buckling load obtained with alternative ESL theories, and manufacturing strategies. The values are Table 3 Material properties of prepreg composite and resin. given for several length-to-thickness ratios of a plate loaded in the x-direction. Table 5 shows significant discrepancies between the results predicted with CLPT and TSDT. In particular for a plate with a/h = 20 and a/h = 5, the discrepancies between results obtained with CLPT and TSDT increase from 7% to 177% respectively. Comparing Tables 4 and 5 reveals that shear stresses have an impact on the buckling load severer than that on the maximum outof-plane deflection. For example, for a plate with a/h = 10, the difference between the CLPT and TSDT results for the maximum deflection is 23%, while this value is greater than 33% for buckling. We can also observe that -compared to a defect-free case -gaps embedded in a variable stiffness plate reduce the buckling load, whereas overlaps increase it. For a/h = 10, the buckling load reduces by 8% for a plate with gaps, whereas it increases by 31% for a plate with overlaps. Among the considered shear correction factors in FSDT analysis, the results in Table 5 show that c f = 5/6 leads to the most accurate results compared to the TSDT's. Table 6 shows the impact of length-to-thickness ratio, manufacturing defects, and ESL theories on the fundamental frequency of a variable stiffness plate. From a comparison of CLPT and TSDT results (Table 6 ), a discrepancy greater than 4% can be observed for a plate with a/h = 20; this value increases up to 48% for a thick plate with a/h = 5. Comparing Tables 4-6 reveals that the differences between CLPT and TSDT is the least for fundamental frequency, followed by maximum out-of-plane deflection and critical buckling load. As shown in Table 6 , variable stiffness plates with gaps have a fundamental frequency lower than defect-free laminates, whereas plates with overlaps have a higher value. The presence of gaps in a variable stiffness plate with a/h = 10, for example, reduces the natural frequency by 3%, while overlaps increase it by 10% when compared to a defect-free case.
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Influence of curvilinear fiber path
As explained in Section 2 for a variable stiffness laminate with a constant curvature fiber path, the geometric parameters T 0 and T 1 define the fiber path trajectory. This section examines the impact of T 0 and T 1 on the structural responses of a variable stiffness plate. For the plate here under investigation, Fig. 4 illustrates the gap and overlap area percentages as a function of T 0 and T 1 over the entire design space. The white areas represent plate designs that do not satisfy the manufacturing constraint, i.e., the minimum turning radius of 0.635 m imposed by a typical AFP machine. For straight-fiber laminates (T 0 = T 1 ), no gaps or overlaps appear in the laminate, whereas the area percentage for both gaps and overlaps increases when the difference between T 0 and T 1 becomes larger.
We examine a plate with a/h = 10 for different manufacturing strategies. Fig. 5 illustrates its critical buckling load and fundamental frequency versus maximum deflection, each normalized by the corresponding values of a quasi-isotropic laminate. As opposed to a constant stiffness design, whose response domain is represented by a line, a variable stiffness design yields to domains of larger extent. Furthermore, in comparison with the results obtained for a defect-free plate, overlaps shift the response domain towards a higher buckling load and lower maximum deflection. On the other hand, gaps shift the domain towards a lower buckling load and higher deflection. This behavior is attributed to the effect of overlaps, which are thickness build-ups that tend to stiffen the plate along the fiber path, thereby improving its structural responses. In contrast gaps, resin-rich areas with reduced mechanical Fig. 3 . Non-dimensional deflection of the variable stiffness plate at the middle width of the plate. properties, deteriorate the structural responses of the plate. As shown in Fig. 4(a) , a complete gap strategy yields a large amount of gaps. In contrast, a complete overlap strategy results in an amount of overlap that continuously increases as the fiber path deviates from the straight path. As a result, a remarkable difference exists between the boundary of the feasible domain of a plate with gaps and the one with straight fibers. A similar behavior can be observed in the domain fundamental frequency versus maximum deflection. From a comparison of Fig. 5(a) and (b), we observe that the buckling-deflection domain for a defect-free plate is significantly larger than the corresponding frequency-deflection domain. Since, the effectiveness of a variable stiffness laminate depends on the boundary conditions [4] , we gather that for a variable stiffness plate other loading and boundary conditions can result in a larger response domain.
To isolate the effect of the curvilinear fiber path from the effect of gaps and overlaps, we plot in Fig. 6 the fiber path curvature versus the maximum deflection, critical buckling load, and fundamental frequency. As can be seen, the regions offering low deflection correspond to regions with high critical buckling and fundamental frequency. Bearing in mind that fibers located along the loading direction result in the highest in-plane stiffness but not in the lowest deflection, we see here the opportunity to find trade-offs between in-plane and out-of-plane performance under vibration and buckling constraints. This study requires further work.
Conclusions
This paper has examined the effect of transverse shear deformation and embedded manufacturing defects on the structural responses of a variable stiffness plate made by AFP. Static bending, buckling, and free vibration have been studied. We have first presented the governing equations obtained via classical and shear deformation theories, and then solved them by using the hybrid Fourier-Galerkin method. For very thin plates, all ESL theories provide close results. However, for moderately-thick plates with length-to-thickness ratio a/h = 10, major differences emerge between CLPT and TSDT predictions. In particular, discrepancies up to 23%, 33%, and 15% are observed for the maximum out-ofplane deflection, critical buckling load, and fundamental frequency.
The results obtained in this paper show the important role played by shear deformation in moderately-thick plates with variable stiffness, where the macroscopic mechanical properties spatially vary. We have also highlighted that the discrepancy between ESL theories depends on the amount of the embedded defects. In a static bending analysis of a plate with a/h = 10, incorporating the effects of overlaps increases the discrepancy of the maximum deflection calculated with CLPT and TSDT, up to 26%. On the other hand, considering the effect of gaps results in about 22% difference. Finally maps have been presented to show how the structural responses of a defected plate change with respect to a defect-free plate.
Appendix A
The hybrid Fourier-Galerkin form of the governing differential equations for FSDT/TSDT analysis of laminated plates, with symmetric layups (B ij = E ij = 0) and given transverse shear modulus in each lamina, can be written as follows: The hybrid Fourier-Galerkin form of the governing differential equations for CLPT analysis is also written as: 
